Abstract. Klein bottle weak solenoidal space Σ(p, q, r) is a continuum obtained as the inverse limit of an inverse sequence, where each term is Klein bottle and each bonding map is finite-sheeted covering map over Klein bottle. In the present paper we determine and present all s-sheeted covering maps (with connected total space) over Σ(p, q, r), s ∈ N, both pointed and unpointed case.
Introduction and the main result
Recently, finite-sheeted covering maps over 2-dimensional compact, connected Abelian groups G were studied ( [1] ). It turned out that finite-sheeted covering maps over G were determined using finite-index torsion free supergroups of the Pontryagin dual G ( [2] ). Moreover, using finite index subgroups of G there were also presented finite-sheeted covering maps from G to other compact connected groups. The main step in the investigation was the reduction to the case of finite-sheeted covering homomorphisms f : G → G between two compact connected 2-dimensional Abelian groups. Each such group G is represented as the inverse limit of an inverse sequence, where each term is 2-torus T 2 and each bonding map is a finite-sheeted covering homomorphism over T 2 . Since T 2 is a covering space for Klein bottle K, a natural question arises: Are compact connected Abelian 2-dimensional groups G, besides groups, also covering spaces for 2-dimensional continua Y obtained as limits of inverse sequences consisting of K? This question leads us to an investigation of finite-sheeted covering maps over Klein bottle weak solenoidal continua Σ(p,q,r), where p = (p i ), q = (q i ) and r = (r i ) are sequences of integers such that p i = 0 and r i is odd for each i. Weak solenoidal spaces Σ(p,q,r) were introduced and classified up to homeomorphism by C. Tezer in his paper "Shape classification of Klein bottle-like continua" ( [7] ). The aim of the present paper is to determine and present all s-sheeted covering maps with connected total space over Σ(p,q,r), s ∈ N, both pointed and unpointed case. Main results related to the pointed case are given in Theorem 6.2 and Corollary 6.6, while main results related to the unpointed case are given in Theorem 7.3 and Corollary 7.5. The results are achieved using classification theorem of finite-sheeted covering maps over connected paracompact spaces Y ( [5] ). It establishes a bijection between the set of all pointed equivalence classes of s-sheeted pointed covering maps f : (X, * ) → (Y, * ) and the set of all subprogroups of index s of the fundamental progroup π 1 (Y, * ). In the unpointed case it establishes a bijection between the set of all equivalence classes of s-sheeted maps f : X → Y and the set of all conjugacy classes of subprogroups of index s of the fundamental progroup π 1 (Y, * ), where * is an arbitrary chosen point of Y. It turned out that the investigation of s-sheeted covering maps over Σ(p,q,r) was reduced to the studying of certain sequences of positive integers, so called admissible sequences for Σ(p,q,r), and their conjugacy classes.
Spaces Σ(p,q,r)
We shall follow notions introduced by Tezer in [7] . Klein bottle K can be presented as the quotient manifold R 2 /G, where the group G = α, β | αβ = βα −1 acts properly discontinuously on R 2 by the affine transformations α, β : R 2 → R 2 α (x, y) = (x + 1, y) β (x, y) = (−x, y + 1 2 ).
Let y 0 ∈ K be the image of (0, 0) ∈ R 2 under the quotient map. Then π 1 (K, y 0 ) can be naturally identified with G. Each element of G can be presented as α n β m , n, m ∈ Z. Note that G can be viewed as the group (Z 2 , * ), where the group operation * is given by (n, m) * (k, l) = (n + (−1) m k, m + l) . Namely, h : G → (Z 2 , * ) defined by the rule h (α n β m ) = (n, m) is an isomorphism of groups. Therefore we shall identify G with (Z 2 , * ) via h. In the sequel we shall need following relations:
Also note that the subgroup (Z × 2Z, * ) of (Z 2 , * ) is isomorphic to (Z 2 , +). Since G = α, β 2 = (Z × 2Z, * ), it follows that the the quotient manifold R 2 /G is the 2-torus T 2 . Let x 0 ∈ T 2 be the image of (0, 0) ∈ R 2 under the quotient map. Then π 1 (T 2 , x 0 ) = G . Since G is a subgroup of index 2 of G, the identity map id R 2 : R 2 → R 2 induces a pointed map δ : (T 2 , x 0 ) → (K, y 0 ), which is a 2-sheeted covering map, so called "basic" 2-sheeted covering map of T 2 over K. Each endomorphism of G is of the form h (p,q,r) : G → G h (p,q,r) (α) = α p , h (p,q,r) (β) = α q β r where p, q, r ∈ Z and r is odd whenever p = 0. Moreover, h (p,q,r) is injective if and only if p = 0 (and r is odd). Furthermore,
r odd, r even . t = pq + q, r odd, r odd For each integers p, q and r, r odd if p = 0, Tezer introduced maps f (p,q,r) : (K, y 0 ) → (K, y 0 ) in the following way. Let Θ (p,q,r) : (R, 0)→ (R, 0) be a map such that Θ (p,q,r) (y + 1 2 ) = −Θ (p,q,r) (y) + q and define F (p,q,r) :
is a covering map if and only if h (p,q,r) is injective or equivalently p = 0. In that case number of sheets equals |pr| . Note that if q = 0 and p = 0, Θ (p,q,r) can be chosen to be the constant function Θ (p,q,r) = 0. Then
Let p = (p i ), q = (q i ) and r = (r i ) be sequences of integers such that each p i = 0 and r i is odd. Let Y = {K i , f ii+1 , N} be an inverse sequence such that each K i = K and each bonding map f ii+1 = f (pi,qi,ri) : K → K and let Σ(p, q, r) be the inverse limit of Y . Σ(p, q, r) is a Klein bottle weak solenoidal space in the sense of McCord (see [6] ). Recall the definition. Definition 2.1. A solenoidal (weak solenoidal) sequence is an inverse sequence {X i , g ii+1 , N} such that each X i is connected, locally pathwise connected and semilocally 1-connected, and each bonding map g ii+1 : X i+1 → X i is a regular covering map (covering map). The limit space lim ← − {X i , g ii+1 , N} is called a solenoidal (weak solenoidal) space.
Tezer proved that Klein bottle weak solenoidal spaces Σ(p, q, r) and Σ(p , q , r ) are homeomorphic if and only if the sequences p, r and p , r respectively, have essentially the same prime profiles ([7, Proposition 2.5]). In particular, Σ(p, q, r) and Σ(p, 0, r) are homeomorphic.
Let y = (y i ) ∈ Σ(p, q, r) be a point where each y i = y 0 ∈ K. When we consider a pointed continuum (Σ(p, q, r), * ) we will always assume * = y or equivalently (Σ(p, q, r),
Recall that each compact connected 2-dimensional Abelian group A is a solenoidal space obtained as the limit of a solenoidal sequence, where each term is 2-torus T 2 and each bonding map is a covering homomorphism. That is why we call compact connected 2-dimensional Abelian groups toroidal groups for short.
3. Subgroups of finite index of G = α, β | αβ = βα −1 and their conjugacy classes
it follows that β Proof. First note that pr 2 : G → Z is a homomorphism of groups. Since pr 2 (H) is a subgroup of Z there is a unique integer c(H) ∈ N ∪ {0} , such that pr 2 (H) = c(H)Z. Let H be a non-cyclic group and let us assume that c(H) = 0. Then H is a subgroup of (Z × {0} , * ). The group (Z × {0} , * ) is isomorphic to (Z × {0} , +). Thus H is cyclic, which is a contradiction.
Proof. Since H is non-cyclic, there is an element (n, mc(H)) ∈ H, n ∈ Z \ {0} , m ∈ Z. Then (n, 0) ∈ H and a = min {n ∈ N : (n, 0) ∈ H} is a well-defined natural number. We claim that H = α a , β c(H) . It is obvious
. It remains to prove that a is unique. Let as assume that there is another a ∈ N such that H = α a , β c(H) . Then there are n , n ∈ N such that a = n a and a = n a. This implies n n = 1, i.e., a = a .
Let k 0 ∈ Z be an arbitrary integer and let f k0 : G → G be a map defined by f k0 (n, m) = (n + 
Proof. Put c = c(H). According to Proposition 3.2, c > 0. We distinguish two cases.
(i) c is even. If c is even then H is a subgroup of (Z × 2Z, * ), which is isomorphic to (Z 2 , +). Thus there are unique numbers a ∈ N and b ∈ N ∪ {0} ,
Let us assume Hα
If c is odd and l 0 is even put k ≡ n (mod a), 0 ≤ n < a. If c and l 0 are odd put b − k ≡ n (mod a), 0 ≤ n < a. In all cases α k β l ∈ Hα n β m , which completes the proof. Note that all Abelian non-cyclic subgroups of G are contained in the
be conjugate subgroups of G. Then a = a and c = c .
m ka . It follows that a divides a . Analogously,
m la for some integer l, which shows that a divides a. Since a and a are positive it follows a = a and consequently c = c . Proof. Let n be a unique solution of an equation
Proof. Assume that H and H are conjugate subgroups of G. Let g = α n β m ∈ G be such that H = g −1 Hg. Then there is an integer k such that
Hence
Assume that b − b is even. Then there is a solution n of an equa-
Finite-sheeted covering maps over Klein bottle
In Section 2 we introduced pointed covering maps
or equivalently,
where I is the identity matrix, is the basic 2-sheeted covering map of T 2 over K, i.e., f I = δ.
Recall that each integral matrix
) and the basic 2-sheeted covering map δ : (T 2 , x 0 ) → (K, y 0 ). Let f : (X, x) → (K, y 0 ) be a pointed s-sheeted covering map. According to the classical classification theorem of covering maps, H = f # (π 1 (X, x)) is an s-index subgroup of π 1 (K, y 0 ) = G. It follows from Proposition 3.4 that there are integers a, b and c such that a, c ∈ N, 0 ≤ b < a, ac = s, and
In the unpointed case, according to the considerations about conjugacy classes of α a , α b β c in Section 3, f is equivalent to
a is even and c is odd;
Proposition 4.1. Let (X, x) be a pointed Klein bottle weak solenoidal space. Then (X, x) is pointed homeomorphic to a (Σ(p, q, r), * ), where p i , r i are positive and 0 ≤ q i < p i for each i.
. By the induction for each i ∈ N we will find integers p i , q i , r i , p i , r i ∈ N, r i odd, 0 ≤ q i < p i and a home-
is a pointed covering map, there are positive integers p 1 , r 1 , r 1 odd, an integer q 1 , 0 ≤ q 1 < p 1 , and a pointed homeomorphism
Let us assume that homeomorphisms h 2 , . . . , h n and integers p 1 , p 2 , . . . , p n−1 , q 1 , q 2 , . . . , q n−1 , r 1 , r 2 , . . . , r n−1 with required properties are defined. Since h n g nn+1 : (K, x n+1 ) → (K, y 0 ) is a pointed covering map there are positive integers p n , r n , r n odd, an integer q n , 0 ≤ q n < p n , and a pointed homeomorphism h n+1 : (K, x n+1 ) → (K, y 0 ) such that h n g nn+1 = f (pn,qn,rn) h n+1 . This completes the inductive step. Now, pointed homeomorphisms h n : (K,
In the sequel we will consider only pointed Klein bottle weak solenoidal spaces (Σ(p, q, r), * ), where the sequences p = (p i ), and r = (r i ) consist of positive integers.
Pull-back diagrams
The proof of the following proposition is very simple, so we omit it.
, where p = dp .
Proof. First note that p = 0, r odd and c (
rl it follows α pk−b2 rl −1 ∈ H 2 and thus GCD(p, a 2 , rb 2 ) = 1. This proves (i). Put GCD(p, a 2 ) = d, a 2 = da and p = dp . Note GCD(p , a ) = 1.
which proves (iii).
Let us assume that the conditions (i), (ii) and (iii) are fulfilled and let us prove that φ :
It follows from Proposition 5.2(ii) that c 1 is also even.
Thus pa 1 = na 2 for some n ∈ Z and rc 1 ∈ c 2 Z. Since GCD (c 2 , r) = 1, c 2 divides c 1 . Let d ∈ Z be such that c 1 = dc 2 . Then a 2 = da 1 and d divides p. There are integers u and v such that α pb1+q
First note that v is odd and α pb1+q β rc1 = α a2u α b2 β c2v = α a2u+b2 β c2v and consequently v = rd and pb 1 + q = a 2 u + b 2 , which implies pb 1 ≡ −q + b 2 (mod a 2 ). This proves (iii).
Note that GCD(p, a 2 ) divides b 2 − q. On the other hand there are in-
We consider two cases: l is even and l is odd. Let l be even. Then l is even and
GCD(p, a 2 ) = 1 implies d = 1. Hence a 2 = a 1 and c 2 = c 1 , which proves (ii). Let us assume that the conditions (i), (ii) and (iii) are fulfilled and let us prove that φ :
Thus pn + q − b 2 = a 2 n for some integer n , i.e., pn ≡ −q + b 2 (mod a 2 ). Since pb 1 ≡ −q + b 2 (mod a 2 ) and GCD(p, a 2 ) = 1, it follows n ≡ b 1 (mod a 2 ). Thus, n = b 1 + a 2 n = b 1 + a 1 n for some integer n . We get
be a commutative diagram, where f and f are pointed covering maps and all four spaces are pathwise connected. Corollary 5.5. Let p, r, a, c be positive integers, r and c odd, and let f (a,b1,c) :
.
Pointed finite-sheeted covering maps over (Σ(p, q, r), * )
Let N k denote a set {i ∈ N : i ≥ k}.
Definition 6.1. Let a, c ∈ N. We say that
We consider two admissible sequences b (a,c) ∈ {0, 1, . . . , a − 1}
and there is an index i
Theorem 6.2. Let (Σ(p, q, r), * ) be a pointed Klein bottle weak solenoidal space and let s ∈ N. Then there is a bijection F * between the set of all admissible sequences b (a,c) for Σ(p, q, r), where ac = s, and the set of all equivalence classes of pointed s-sheeted covering maps f * : (X, x) → (Σ(p, q, r), * ) with a connected total space. Moreover, if F * (b (a,c) ) = [f * ], then X is homeomorphic to a toroidal group if c is even, while X is homeomorphic to Σ(p, q, r) if c is odd.
Proof. Let b (a,c) ∈ {0, 1, . . . , a − 1} N k be an admissible sequence for Σ(p, q, r), ac = s. Depending on c we will associate to b (a,c) a pointed ssheeted covering map f * : (X, x) → (Σ(p, q, r), * ) with connected total space X in the following manner. 
for each i ≥ k, where f ii+1 is a covering map and f ii+1# = p i pbi+1−bir a 0 r i .
Let x i = x 0 for each i, x = (x i ) and let (X, x) be the inverse limit of a pointed inverse sequence
Note that X is a torus solenoidal space, which is pointed homeomorphic to a pointed toroidal group (A, x) obtained by matrices
, N be a mapping of pointed inverse sequences and let f * = lim ← − f * : (X, x) → (Σ(p, q, r), * ). 2. c is odd. For each i ∈ N k let f (a,bi,c) : (K, y 0 ) → (K, y 0 ) be an s-sheeted covering map. According to Corollary 5.5, f (a,bi,c) , f (pi,qi,ri) , f (a,bi+1,c) can be completed to a pull-back diagram
for each i ≥ k, where f i is a covering map and f i# = h (pi,
Let (X, x), x = * , be the inverse limit of a pointed inverse sequence
Note that X is a Klein bottle weak solenoidal space. According to Proposition 4.1, (X, * ) is pointed homeomorphic to (Σ(p , q , r ), * ), where sequences p and r consist of positive integers. Moreover, there are homeomorphisms
for each i. Since h i# are isomorphisms, i.e., h i# = h (ui,vi,wi) , where u i and w i are 1 or −1, and
we get u i p i = p i u i+1 and w i r i = r i w i+1 , which implies p i = p i and r i = r i for each i, which implies that X is homeomorphic to Σ(p, q, r). Let f * = {f (a,bi,c) :
, N be a mapping of pointed inverse sequences and let f * = lim ← − f * : (X, x) → (Σ(p, q, r), * ).
In both cases f * is a pointed s -sheeted covering map (see [5, Theorem 6 and Remark 1]). Now put F * (b (a,c) ) = [f * ]. We claim that F * is a bijection.
Let Φ * be a bijection between the set of all pointed equivalence classes of s-sheeted covering maps f : (X, x) → (Σ(p, q, r), * ) and the set of all subprogroups of index s of the fundamental progroup π 1 (Σ(p, q, r), * ) (see [5, Theorems 5 and 6] 
Let g * : (X, x) → (Σ(p, q, r), * ) be a pointed s-sheeted covering map. Then there is a pointed inverse sequence X * = {(X i , x i ), g ii+1 , N k } and a mapping g * = {g i : (X, ,ri) , N of pointed inverse sequences such that each g i : (X, x i ) → (K, y 0 ) is a pointed s-sheeted covering map with a connected total space, each
is a pull-back diagram, (X, x) = lim ← − X * and g * = lim ← − g * . Since each g i : (X, x i ) → (K, y 0 ) is a pointed s-sheeted covering map it follows that H i = Im g i# = g i# (π 1 (X i , x i ) ) is a subprogroup of index s of G. Hence there are integers a i , c i ∈ N and 0 ≤ b i < a i such that
is a well-defined bijection for each i. We distinct two cases: a) There is i * ≥ k such that c i * is even. According to Proposition 5.2, for each
Since each positive number has only finite many divisors there are k * ≥ i * and positive numbers a and c, c even, such that for
Hence there are positive integers a and c, c odd, such that GCD(p i , a) = GCD (c, r i ) = 1 and
In both cases a) and b) we find an admissible sequence b (a,c) such that F * (b (a,c) ) = [g * ], which proves that F * is a surjection. Remark 6.3. Each Klein bottle weak solenoidal space Σ(p, q, r) admits a pointed double-sheeted covering map with total space homeomorphic to the product Σ(p)×Σ(r) of solenoids Σ(p) and Σ(r), obtained by sequences p and r respectively. Proof. Let k ∈ N be an integer such that GCD(a, p i ) = GCD(c, r i ) = GCD(d, r i ) = 1 for each i ≥ k and each d ∈ {d 1 , d 2 . . . , d m }\{d i1 , d i2 , . . . , d in }. We will define sequences
in the following way. If c is even, let x i ∈ {0, 1, . . . , a − 1} be a unique solution of a linear congruence p i x i ≡ r i (mod a), i ≥ k. If c is odd, let x i , y i ∈ {0, 1, . . . , a − 1} be unique solutions of linear congruences p i x i ≡ 1 (mod a) and 
, where λ ∈ N, and l j ≥ α ij for j = 1, . . . , n. Then 
. Let j be a unique solution of a linear congruence ( 
, which is a contradiction. Let j be a unique solution of a linear con- 
Proof. Let b (a,c) and b (a,c) be conjugate admissible sequences for Σ(p, q, r). Then there is k 0 ≥ k, k such that for each i ≥ k 0 , b i is either b i or a − b i if c is even or b i − b i is even if a is even and c is odd. Without loss of generality we assume k 0 = 1. We will construct the desired sequence (g i ) by the induction.
Let c be even. Since b (a,c) and
Since GCD(r 1 , c) = 1 there are integers v 2 , k 2 such that r 1 v 2 −ck 2 = 1. Since r 1 is odd v 2 is also odd. Since GCD(p 1 , a) = 1 there are integers u 2 and l 2 such that
Let us assume that for each i = 1, . . . , n we have constructed
. . , n − 1. Since GCD(r n , c) = 1 there are integers v n+1 , k n+1 such that r n v n+1 − ck n+1 = v n . Since r n and v n are odd, v n+1 is also odd. Since GCD(p n , a) = 1 there are integers u n+1 and l n+1 such that
Moreover,
Let c be odd. Since b (a,c) and b (a,c) are admissible for Σ(p, q, r), 
(mod a). This proves u n+1 has both required properties. Put g i = α ui for every i. We get ( α a , α bi β c g i and h (pi,qi,ri) (g i+1 ) ∈ α a , α bi β c g i for each i ≥ k 0 ≥ i 0 , i 0 . This means that Φ * (f * ) and Φ * (f * ) are conjugate subprogroups of index ac of π 1 (Σ(p, q, r), * ). According to [5, Theorems 5 and 7] f and f are equivalent covering maps, which proves that F is well-defined. Let 
